
Description logic syntax and semantics

NC: set of concept names (unary predicates, classes) A,B
NR: set of role names (binary predicates, properties) r, s
N±R = {r, r− | r ∈ NR}: set of role names and inverse roles R,S
NI: set of individuals names (constants) a, b, c, ...

Complex concepts (built from NC,NR using constructors: see below) C,D

TBox (ontology) = set of terminological axioms T
ABox (dataset) = set of ABox assertions (A(a), r(a, b)) A
Knowledge base (KB) = TBox + ABox K

Name Syntax Semantics

Top concept > ∆I Concepts

Bottom concept ⊥ ∅
Negation ¬C ∆I \ CI

Conjunction C1 u C2 C1
I ∩ C2

I

Existential restriction ∃R.C {d1 | there exists (d1, d2) ∈ RI with d2 ∈ CI}

Inverse r− {(d2, d1) | (d1, d2) ∈ rI} Roles

Role negation ¬R (∆I ×∆I) \RI

Concept inclusion C vD CI ⊆ DI TBox Axioms

Role inclusion Rv S RI ⊆ SI

Transitivity axiom trans(R) RI ·RI ⊆ RI

Concept assertion A(a) aI ∈ AI ABox Assertions

Role assertion r(a, b) (aI , bI) ∈ RI

Horn DLs

DL-LiteR:

• concept inclusions B1 v (¬)B2, with B1, B2 of the form A ∈ NC or ∃R (R ∈ N±R )

• role inclusions R1 v (¬)R2, where R1, R2 ∈ N±R

• note: ∃R can be seen as shorthand for ∃R.>

EL:

• concept constructors: >, u, and ∃r.C
• only concept inclusions C vD in TBox

• normal form: can assume all inclusions of the following forms

A1 u . . . uAn vB Av ∃r.B ∃r.AvB
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ELHI⊥:

• concept constructors: >, ⊥, u, and ∃R.C (R ∈ N±R )

• both concept inclusions and role inclusions (R1 vR2, with R1, R2 ∈ N±R )

Certain answers

Let K = (T ,A) be a DL KB, and let q be an n-ary query. The set cert(q,K) of
certain answers to q over K is defined as follows:

{(a1, . . . , an) ∈ Ind(A)n | (aI1 , . . . , aIn) ∈ ans(q, I) for every I ∈ Mods(K)}

Query rewriting

Let T be a DL TBox, and let q, q′, q⊥ be queries.

• We say that q′ is a rewriting of q w.r.t. T just in the case that cert(q, (T ,A)) =
ans(q′, IA) for every ABox A.

• We call q′ a rewriting of q w.r.t. T ,Σ relative to consistent ABoxes if cert(q, (T ,A)) =
ans(q′, IA) for every ABox A such that (T ,A) is satisfiable.

• We call q⊥ a rewriting of unsatisfiability w.r.t. T if for every ABox A, we have
cert(q, (T ,A)) = () iff (T ,A) is unsatisfiable.

Saturation Rules for EL

AvBi (1 ≤ i ≤ n) B1 u . . . uBn vD

AvD
T1

AvB B v ∃r.D
Av ∃r.D

T2

Av ∃r.B B vD ∃r.D v E

Av E
T3

A1 u . . . uAn vB Ai(a) (1 ≤ i ≤ n)

B(a)
A1

∃r.B vA r(a, b) B(b)

A(a)
A2

Saturation Rules for ELHI⊥

{AvBi}ni=1 B1 u . . . uBn vD

AvD
T1

Rv S S v T

Rv T
T4

M v ∃R.(N u ⊥)

M v⊥
T5

M v ∃R.(N uN ′) N vA

M v ∃R.(N uN ′ uA)
T6

M v ∃R.(N uA) ∃S.AvB Rv S

M vB
T7

M v ∃R.N ∃inv(S).AvB Rv S

M uAv ∃R.(N uB)
T8

A1 u . . . uAn vB Ai(a) (1 ≤ i ≤ n)

B(a)
A1

∃r.B vA r(a, b) B(b)

A(a)
A2

∃r−.B vA r(b, a) B(b)

A(a)
A3

r v s r(a, b)

s(a, b)
A4

r v s− r(a, b)

s(b, a)
A5

2


