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DECIDABILITY OF SECOND-ORDER THEORIES
AND AUTOMATA ON INFINITE TREES(*)

BY
MICHAEL O. RABIN

Introduction. In this paper we solve the decision problem of a certain second-
order mathematical theory and apply it to obtain a large number of decidability
results. The method of solution involves the development of a theory of automata
on infinite trees—a chapter in combinatorial mathematics which may be of in-
dependent interest.

Let £={0, 1}, and denote by T the set of all words (finite sequences) on Z. Let
ro: T—T and r,: T — T be, respectively, the successor functions ryo(x)=x0 and
ri(x)=x1, x € T. Our main result is that the (monadic) second-order theory of the
structure {T, ro, r,> of two successor functions is decidable. This answers a question
raised by Biichi [1].

It turns out that this result is very powerful and many difficult decidability
results follow from it by simple reductions. The decision procedures obtained by
this method are elementary recursive (in the sense of Kalmar). The applications
include the following. (Whenever we refer, in this paper, to second-order theories,
we mean monadic second-order; weak second-order means quantification restricted
to finite subsets of the domain.)

The second-order theory of countable linearly ordered sets is proved decidable.
As a corollary we get that the weak second-order theory of arbitrary linearly
ordered sets is decidable; a result due to Liuchli [9] which improves on a result of
Ehrenfeucht [5].

In [4] Ehrenfeucht announced the decidability of the first-order theory of a unary
function. We prove that the second-order theory of a unary function with a count-
able domain is decidable. Also, the weak second-order theory of a unary function
with an arbitrary domain is decidable.

There are also applications to point set topology. Let CD be Cantor’s dis-
continuum (i.e., {0, 1}* with the product topology). Let F, be the lattice of all sub-
sets of CD which are denumerable unions of closed sets, and let L. be the sublattice
of all closed subsets of CD. The first-order theory of the lattice F,, with L. as a
distinguished sublattice, is decidable. Similar results hold for the real line with the
usual topology. This answers in the affirmative Grzegorczyk’s question [8] whether

Presented to the Society, July 5, 1967 ; received by the editors March 4, 1968.

(*) The author wishes to thank S. Winograd for many extremely helpful conversations on
the topics of this paper. Preparation of this paper was supported, in part, by the U.S. Office of
Naval Research, Information Systems Branch, under Contract F61052 67 0055.
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The Complexity of Reachability in Vector Addition Systems

SYLVAIN SCHMITZ,
LSV, ENS Cachan & CNRS & INRIA, Université Paris-Saclay

The program of the 30th Symposium on Logic in Computer Science held in 2015 in Kyoto included two con-
tributions on the computational complexity of the reachability problem for vector addition systems: Blondin,
Finkel, Goller, Haase, and McKenzie [2015] attacked the problem by providing the first tight complexity
bounds in the case of dimension 2 systems with states, while Leroux and Schmitz [2015] proved the first
complexity upper bound in the general case. The purpose of this column is to present the main ideas behind
these two results, and more generally survey the current state of affairs.

1. INTRODUCTION

Vector addition systems with states (VASS), or equivalently Petri nets, find a wide
range of applications in the modelling of concurrent, chemical, biological, or business
processes. Maybe more importantly for this column, their algorithmics, and in particu-
lar the decidability of their reachability problem [Mayr 1981; Kosaraju 1982; Lambert
1992; Leroux 2011], is the cornerstone of many decidability results in logic, automata,
verification, etc.—see Section 5 for a few examples.

In spite of its importance, fairly little is known about the computational complexity
of the reachability problem. Regarding the general case, the inclusive surveys on the
complexity of decision problems on VASS by Esparza and Nielsen [1994] and Esparza
[1998] could only point to the EXPSPACE lower bound of Lipton [1976] and to the fact
that the running time of the known algorithms is not primitive recursive: no complex-
ity upper bound was known, besides decidability first proven in 1981 by Mayr. When
turning to restricted versions of the problem, the 2-dimensional case was only known
to be in 2-EXP [Howell, Rosier, Huynh, and Yen 1986] and NP-hard [Rosier and Yen
1986].
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An EXPSPACE Lower Bound

APRIL 8, 2009

by rjlipton tags: Algorithms, decision procedure, language, Machine, Meyer, Petri

Nets, Problems, Simulation, Turing, vector addition system

Getting The Result

The proof of the lower bound result for VAS reachability started with a conversation with Meyer at a
STOC conference. He told me that he had just proved, with Paterson, that the n-dimensional VAS
reachability problem required at least PSPA CE. I had been thinking about VAS’s and realized instantly
that I could prove the same result with fewer dimensions. I knew a couple of tricks that Albert did not, so
I played it cool and said nothing to Albert. But once back at home—Yale at the time—1 worked hard until I
had a proof of the EXPSPACE lower bound.

I then called Albert to tell him the news. It was a strange phone call. He did not believe that I could

prove such a theorem. The conversation consisted of Albert listing a variety of mistakes that I must have

made. I kept saying no I did not do that, or no I realize that. Finally, the call ended without me saying
anything to him about the proof.

Open Problems

The main open problem is to improve the lower bound on the reachability problem for VAS's. There is
currently a huge gap between the lower bound of E X PSPACE and the upper bound, which is not even
primitive recursive. The current construction of the lower bound is tight, and I see no way to improve it.

But, perhaps you will see something that we all have missed.



comeEer AW OwalCa\

Loj. SFM& [Bo)h'leci-)k e,J[ mL, ToCL/l\:]

F01<~\<,+\>



comeEer AW Oww\_JCa\

Loj. SFM& {Bo}ﬂwlxci-)k e,f mL, ToCL/l\]

F01<~\<,+\>

r r S /| £
‘1&—, 7 ,’————775

t'.V\C(C.r\ c\r‘ i.'y\(.(c,.> (1r' Je,((cr) 6[5 mt.(cs)



CO(AV\{QF AW 07\/\0\_{0\

Loj- SFM&
F07‘<~\ 4+ >

PR
nC ((_r\

[Bo}m’xcijk ejc mL. ToCL/I\]

& 5

_ R [
C\T‘ Lw(_(gr)l ‘]r‘ 5



coMJ(er AW waw_jCa\

Loj. S‘Mc& [Bo)h'vl\(-%)k e,JE mL_ ToCL/l\]

F01<~\<,+\>

I~ r 9 | £
‘1&: 7 ,’—————775

LV\C<C_F\ c\r‘ L'y\(_(cr> ‘]r‘ Je,c(cr) 6[5 ivw.(cS)
IR

/\ Ve ’v‘7 7 < <1’0L)imc,c]1’><x) A
N R

o, a'E S o) XLy A X~
ce C />



com\J(er AW OW\A—JW\

Lc:j. SI’AC( {Bo}hleci-)k e,f mL, ToCL/l\]

F01<N\<7+\>

~ — 5 / <
Te T lon )

t'.V\L(C.r\ c\r‘ L'yx(.(cr> (1r' Je,((cr> 6[5 iv»t.(cs)

/\ s svl7 _[ < <1’a)'w\¢,c]1/><x> A /\ ¥ x ((780\,Jac)6,c1'>(x.) :>

o (ol e gy () 111EQ o
i ST e Y .
ce / A 7“/\7\”‘»

A ¢ Zu{z}






(N - Soxjtls Fo\\ol\'\{\]
Fo, (,, . C +\>

(/LO\SS"W‘QM"’(\? L\-\VAU\‘YDW\K‘LG\

O\’ i-) S,/ pé_ olcuc(S | {»b( (Ver7 pL oCCo\l;S
<1'I;F F > lh&'. °{l(e"‘ Jo» W lh%. °{ ¢n



LLW\W\o»

[ Dikson AIM 1813 ]

O any H\lk\

’H\L Yrvjv\clc \4

SN \/\/‘\O.



LLW\W\O\

[ Dikson AIM 1813 ]

k
O any IN |

4
'H\o_ Vl’vjv\clc <

SN W‘\O.

N

\V



LLW\W\O\

[ Dikson AIM 1813 ]

k
O any IN |

4
'H\o_ Vl’vjv\clc <

SN W‘\O.

N

\V



LLW\W\O\
[ Dikson AIM 1813 ]
Ov\ 0\*\7 ”\lk\

'H\o_ Vl’vjv\clc \4

SN W‘\O.

N

\V



LLW\W\O\
[ Dikson AIM 1813 ]
Ov\ 0\*\7 ”\lk\

'H\o_ Vl’vjv\clc \4

SN W‘\O.

N

\V



LLW\W\O\
[ Dikson AIM 1813 ]
Ov\ 0\*\7 ”\lk\

'H\o_ Vl’vjv\clc \4

SN W‘\O.

N

\V



LLW\W\O\
[ Dikson AIM 1813 ]
Ov\ 0\*\7 ”\lk\

'H\o_ Vl’vjv\clc \4

SN W‘\O.

N

\V



LLW\W\O\
[ Dikson AIM 1813 ]
Ov\ 0\*\7 ”\lk\

'H\o_ Vl’vjv\clc \4

SN W‘\O.

N

B

7=

\V



LLW\W\O\

[ Dikson AIM 1813 ]

\V



"\ %
LLW\W\O\

[ Dikson AIM 1813 ] lW

l( L

Ov\ 0\*\7 N \
‘U\o_ Vrvjv\clc é (W

SN W‘\O.

\V

"Dickson had a sudden death trial for his prospective doctoral students: he assigned a preliminary problem which was
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